
 

 

 

 

2014,32SeptemberReceived  

2010 Mathematics Subject Classification: 54D15, 54D10. 

Keywords and phrases: regularly open sets, regularly closed sets, regular. 

© 2014 Pioneer Scientific Publisher 

REGULARLY OPEN SETS AND REGULAR SPACES 

CHARLES DORSETT 

Texas A & M University-Commerce 

USA 

Abstract 

Within this paper recent discoveries concerning regularly open and 

regularly closed sets are used to further investigate and characterize 

regular spaces. 

1. Introduction 

Within this paper, all spaces are topological spaces. Regular spaces were 

introduced by Vietoris in 1921 [6]. 

Definition 1.1. A space ( )TX ,  is regular iff for each ( ),TCC ∈  the family of 

closed sets in ( )TX ,  and each ,Cx ∉  there exist disjoint open sets U and V such 

that Ux ∈  and .VC ⊆  A regular 1T  space is denoted by .3T  

Since 1921, regular spaces have been further investigated and characterized, not 

only providing greater understanding and possible uses of the regular property, but, 

also, leading to the discovery and resolution of related questions adding to the known 

properties of topological spaces. Today the regular separation axiom is included in 

the study of classical topology motivating and promoting their further investigation 

and characterization. 
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In past studies, the semiregularization process proved to be useful in the study of 

regular spaces [7] suggesting that regularly open and regularly closed sets, and the 

semiregularization process could possibly be used to further investigate and 

characterize regular spaces. Within this paper, those possibilities are investigated. 

Regularly open sets were introduced by Stone in 1937 [5]. 

Definition 1.3. Let ( )TX ,  be a space and let .XA ⊆  Then A is regularly open, 

denoted by ( ),, TXROA ∈  iff ( )( ).AClIntA =  

Within the 1937 paper [5], it was shown that the set of regularly open sets is a 

base for a topology Ts on X coarser that T, and the space ( )TsX ,  was called the 

semiregularization space of ( )., TX  

Following the introduction of regularly open sets was regularly closed sets [7]. 

Definition 1.4. Let ( )TX ,  be a space and let .XA ⊆  Then A is regularly 

closed, denoted by ( ),, TXRCA ∈  iff one of the following equivalent conditions is 

satisfied: 

(a) ( )( )AIntClA =   or  (b) ( ).,\ TXROAX ∈  

Within a recent paper [1], the question of what happens if the semiregularization 

process is repeated was resolved, showing that at most one new topology can be 

obtained by use of the semiregularization process. To accomplish the stated 

objective, it was proven that for a space ( ),, TX  ( ) ( ){ }TOOClTXRC ∈|=,  [1], 

which was combined with the fact that for a space ( ),, TX  ( ) =TXRO ,  

( )( ){ }TOOClInt ∈|  [2] to achieve the objective. 

As indicated above, the semiregularization process has been useful in the 

continued investigation of regular spaces: “For a regular space ( ),, TX  TsT =  [7]. 

Thus the question of whether or not regularly open sets, regularly closed sets, and the 

semiregularization process can be used to gain additional insights into regular spaces 

naturally arises. Within this paper it is proven that, in fact, that is the case. 

Given below are known results that will be used in the work below. 

Theorem 1.1. Let ( )TX ,  be a space and let ( )TC  denote the closed sets in 

( )., TX  Then 
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( ) ( )( ){ }[ ]2, TOOClIntTXRO ∈|=  

( ){ }[ ]3TOOExt ∈|=  

( ) ( ){ }[ ],1TCCCInt ∈|=  

and 

( ) ( )( ) ( ){ }TCCCIntClTXRC ∈|=,  

( ) ( ){ }TXROUUCl ,∈|=  

( ){ }[ ] .4TsVVCl ∈|=  

Given below are additional results in the paper [4] that will be used in this paper. 

Theorem 1.2. Let ( )TX ,  be a space, let ( ),TCC ∈  and let ( )( ).CIntClD =  

Then D is regularly closed, ( ) ( ),CIntDInt =  ( )( ) ( )( )CIntExtDIntExt =  and 

( )( ) ( )( ).CIntFrDIntFr =  

Theorem 1.3. Let ( )TX ,  be a space and let D and E be disjoint closed sets. 

Then 

( ) ( ) ( )( ) ( )( ),EDIntExtEDIntFrEIntDIntX ∪∪∪∪∪=  

where ( )( )( ) .∅=EDIntFrInt ∪  

2. New Characterizations of Regular Spaces 

As known [7], if the space ( )TX ,  is regular, then .TsT =  Simple examples can 

be given of spaces ( )TX ,  for which TsT =  and ( )TX ,  is not regular. Also, 

examples can be given of a space ( )TX ,  for which ( )TsX ,  is regular and ( )TX ,  

is not regular. Thus the semiregularization process alone is not sufficient to 

characterize regular spaces leading to questions concerning the use of regularly open 

sets or regularly closed sets. Below the question of what would be the circumstance if 

open in the definition of regular is replaced by regularly open is addressed and 

resolved. 
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Definition 2.1. A space ( )TX ,  is regularly open regular iff for each ( )TCC ∈  

and for each ,Cx ∉  there exist disjoint regularly open sets U and V such that Ux ∈  

and .VC ⊆  

Theorem 2.1. Let ( )TX ,  be a space. Then the following are equivalent: 

(a) ( )TX ,  is regular, 

(b) for each ( )TCC ∈  and each ,Cx ∉  there exists a closed set D such that 

( )DIntx ∈  and ( ),\ DXC ⊆  

(c) for each ( )TCC ∈  and each ,Cx ∉  there exists a closed set D such that 

( ) ( )( ) ( )( ),DIntExtDIntFrDIntX ∪∪=  

where 

( )( )( ) ,φ=DIntFrInt  ( )DIntx ∈  and ( )( ),DIntExtC ⊆  

(d) for each ( )TCC ∈  and each ,Cx ∉  there exists a regularly closed set E 

such that 

( ) ( )( ) ( )( ),EIntExtEIntFrEIntX ∪∪=  

where 

( ),EIntx ∈  ( )( )EIntExtC ⊆  and ( )( )( ) ,φ=EIntFrInt  

(e) for each ( )TCC ∈  and each ,Cx ∉  there exists a regularly closed set E 

such that 

( )EIntx ∈  and ( )( ),EIntExtC ⊆  

(f) for each ( )TCC ∈  and each ,Cx ∉  there exists a regularly open set U 

such that Ux ∈  and ( ),UExtC ⊆  

(g) ( )TX ,  is regularly open regular, and 

(h) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint Ts-open sets U and 

V such that Ux ∈  and .VC ⊆  
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Proof. (a) implies (b): Let ( ) XTCC ∈  and let .Cx ∉  Let U and V be disjoint 

open sets such that Ux ∈  and .VC ⊆  Then ( )UClD =  is closed and 

.∅=VD ∩  Since ( ) ,DUClUx =⊆∈  then ( )DIntx ∈  and ( ).\ DXVC ⊆⊆  

(b) implies (c): Let ( )TCC ∈  and let .Cx ∉  Let D be closed such that 

( )DIntx ∈  and ( ).\ DXC ⊆  The remainder of the proof is straightforward and is 

omitted. 

(c) implies (d): Let ( )TCC ∈  and let .Cx ∉  Let D be closed such that 

( ) ( )( ) ( )( ),DIntExtDIntFrDIntX ∪∪=  

where ( )( )( )( ) ,φ=DIntFrInt  ( )DIntx ∈  and ( )( ).DIntExtC ⊆  Let ( )( ).DIntClE =  

By Theorem 1.1, ( )TXRCE ,∈  and the remainder of the proof is straightforward 

and omitted. 

Clearly (d) implies (e). 

(e) implies (f): Let ( )TCC ∈  and let .Cx ∉  Let E be regularly closed such that 

( )EIntx ∈  and ( )( ).EIntExtC ⊆  Let ( ).EIntU =  Since E is regularly closed, then 

( )TCE ∈  and, by Theorem 1.1, ( )., TXROU ∈  Thus ( ) UEIntx =∈  and 

( )( ) ( ).UExtEIntExtC =⊆  

(f) implies (g): Let ( )TCC ∈  and let .Cx ∉  Let U be regularly open such that 

Ux ∈  and ( ) .UExtC ⊆  Since ( ) ,, TTXRO ⊆  then, by Theorem 1.1, ( ) ∈UExt  

( )TXRO ,  and ( ) .∅=UExtU ∩  Hence ( )TX ,  is regularly open regular. 

Since ( ) ,, TsTXRO ⊆  (h) implies (g), and since ,TTs ⊆  (h) implies (a). 

3. Additional Properties of Spaces and More 

Characterizations of Regular Spaces 

Theorem 3.1. Let ( )TX ,  be a space and let D and E be disjoint elements in 

( ).TC  Then 

( ) ( ) ( ),EIntDIntEDInt ∪∪ =  
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( )( ) ( )( ) ( )( )EIntFrDIntFrEDIntFr ∪∪ =  

and 

( )( ) ( )( ) ( )( ).EIntExtDIntExtEDIntExt ∩∪ =  

Proof. Since ( )( ) ,\ DEEDInt ⊆∪  then ( )( ) ( ).\ DIntEEDInt ⊆∪  Similarly 

( )( ) ( ).\ EIntDEDInt ⊆∪  Thus 

( ) ( ) ( )EDEDIntEDInt ∩∪∪ \=  

( )( ) ( )( ) ( ) ( ).\\ EIntDIntDEDIntEEDInt ∪∪∪∪ ⊆=  

Since ( ) ( )( ) ( ),EDIntEIntDInt ∪∪ ⊆  then ( ) ( ) ( ).DIntDIntEDInt ∪∪ =  

Let ( )( ).EDIntFrx ∪∈  Then ( ) ( )( )EIntDIntFrx ∪∈  and ( ) ∪DIntx ∉  

( ).EInt  Since 

( )( ) ( )( )EDIntClEDIntFr ∪∪ ⊆  

( ) ( )( )EIntDIntCl ∪=  

( )( ) ( )( )EIntClDIntCl ∪=  

( ) ( )( ) ( ) ( )( ),EIntFrEIntDIntFrDInt ∪∪∪=  

then ( )( ) ( )( ) ( )( ).EIntFrDIntFrEDIntFr ∪∪ ⊆  Let ( )( ) ( )( ).EIntFrDIntFry ∪∈  

Then ( ) ( ) ( ).EDIntEIntDInty ∪∪ =∉  Since 

( )( ) ( )( ) ( )( ) ( )( )EIntClDIntClEIntFrDIntFr ∪∪ ⊆  

( ) ( )( )EIntDIntCl ∪=  

( )( )EDIntCl ∪=  

( )( ) ( )( ) ,EDIntFrEDInt ∪∪∪=  

then ( )( ).EDIntFry ∪∈  Hence ( )( ) ( )( ) ( )( ).EDIntFrEIntFrDIntFr ∪∪ =  

By Theorem 1.3, 

( ) ( )( ) ( )( ) ( )( ),EDIntExtEDIntFrEIntIntDIntX ∪∪∪∪∪=  

where ( )( )( ) .∅=EDIntFrInt ∪  Thus 
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( ) ( ) ( )( ) ( )( ) ( )( )EDIntExtEIntFrDIntFrEIntDIntX ∪∪∪∪∪=  

( )( ) ( )( ) ( )( )EDIntExtEIntClDIntCl ∪∪∪=  

and 

( )( ) ( )( ) ( )( )( )EIntClDIntClXEDIntExt ∪∪ \=  

( )( )( ) ( )( )( )EIntClXDIntClX \\ ∩=  

( )( ) ( )( ).EIntExtDIntExt ∩=  

Theorem 3.2. Let ( )TX ,  be a space. Then the following are equivalent: 

(a) ( )TX ,  is regular, 

(b) for each TO ∈  and each ,Ox ∈  there exist disjoint open sets U and V 

such that OUx ⊆∈  and ( ) ,VOFr ⊆  

(c) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint closed sets D and E 

such that ( )DIntx ∈  and ( ),EIntC ⊆  

(d) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint closed sets D and E 

such that 

( ) ( ) ( )( ) ( )( ),EDIntExtEDIntFrEIntDIntX ∪∪∪∪∪=  

where ( ),DIntx ∈  ( )EIntC ⊆  and ( )( )( ) ,∅=EDIntFrInt ∪  

(e) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint closed sets D and E 

such that 

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( ),EIntExtDIntExtEIntFrDIntFrEIntDIntX ∩∪∪∪∪=  

where ( ),DIntx ∈  ( )EIntC ⊆  and ( )( )( ) ( )( )( ) ,φ== EIntFrIntDIntFrInt  

(f) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint regularly closed 

sets F and G such that 

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( ),GIntExtFIntExtGIntFrFIntFrGIntFIntX ∩∪∪∪∪=  

where ( ),FIntx ∈  ( )GIntC ⊆  and ( )( )( ) ( )( )( ) ,φ== GIntFrIntFIntFrInt  
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(g) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint regularly open sets 

U and V such that Ux ∈  and ,VC ⊆  

(h) for each ( )TCC ∈  and each ,Cx ∉  there exist disjoint Ts-open sets U and 

V such that Ux ∈  and ,VC ⊆  

(i) for each TO ∈  and each ,Ox ∈  there exist disjoint regularly open sets U 

and V such that Ux ∈  and ( ) ,VOFr ⊆  and 

(j) for each TO ∈  and each ,Ox ∈  there exist disjoint Ts-open sets U and V 

such that Ux ∈  and ( ) .VOFr ⊆  

Proof. Clearly (a) implies (b). 

(b) implies (c): Let ( )TCC ∈  and .Cx ∉  Let .\ CXO =  Then .TOx ∈∈  

Let U and V be disjoint open sets such that OUx ⊆∈  and ( ) .VOFr ⊆  Let 

( ).VClE =  Then E is closed, ∅=EU ∩  and .EVC ⊆⊆  Thus ( ).EIntC ⊆  

Since ,TUx ∈∈  let W and Z be disjoint open sets such that UWx ⊆∈  and 

( ) .ZUFr ⊆  Then 

( ) ( ) ( ) ( ) ( )UFrUXFrUXIntUFrUX ∪∪∪ \\\ =  

( ) ( ) ( ) TYZUXIntUFrUXInt ∈=⊆= ∪∪ \\  

and .∅=WY ∩  Let ( ).WClD =  Then ( )TCD ∈  such that ( )DIntx ∈  and 

.∅=ED ∩  

(c) implies (d): By Theorem 1.3, (c) implies (d). Combining (d) with Theorem 

3.1 gives (e). 

(e) implies (f): Let ( )TCC ∈  and let .Cx ∉  Let D and E be disjoint closed sets 

such that 

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( ),EIntExtDIntExtEIntFrDIntFrEIntDIntX ∩∪∪∪∪=  

where ( ),DIntx ∈  ( )EIntC ⊆  and ( )( )( ) ( )( )( ) .φ== EIntFrIntDIntFrInt  Let 

( )( )DIntClF =  and let ( )( ).EIntClG =  Then, by Theorem 1.2, F and G are 

disjoint regularly closed sets. Thus combining the statement of (e) given above in this 

proof with Theorem 1.2 gives (f). 
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(f) implies (g): Let ( )TCC ∈  and let .Cx ∉  Let F and G be disjoint regularly 

closed sets such that 

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )( ),GIntExtFIntExtGIntFrFIntFrGIntFIntX ∩∪∪∪∪=  

where ( ),FIntx ∈  ( )GIntC ⊆  and ( )( )( ) ( )( )( ) .φ== GIntFrIntFIntFrInt  Since 

( ) ( ),, TCTXRC ⊆  then, by Theorem 1.1, ( )FInt  and ( )GInt  are disjoint regularly 

open sets such that ( )FIntx ∈  and ( ).GIntC ⊆  

Since ( ) ,, TsTXRO ⊆  (g) implies (h). 

(h) implies (i): Since ,TTs ⊆  then ( )TX ,  is regular. Let TO ∈  and let 

.Ox ∈  Then ( ) ( )TCOFr ∈  and ( ),OFrx ∉  and by the arguments above, there 

exist disjoint regularly open sets U and V such that Ux ∈  and ( ) .VOFr ⊂  

Since ( ) ,, TTsTXRO ⊆⊆  then (i) implies (j) and (j) implies (a). 

Corollary 3.1. Let ( )TX ,  be a space. Then ( )TX ,  is 3T  iff ( )TX ,  is 1T  and 

for each ( )TCC ∈  and each ,Cx ∉  there exists a closed sets D such that 

( )DIntx ∈  and .\ DXC ⊆  

In a similar manner, each of the characterizations of regular spaces can be 

extended to 3T  spaces. 

Thus regularly open and regularly closed sets proved to be important in the 

continued investigation of regular spaces. 
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